Física estadística

S = k_B ln Ω(E, V, N) 1 T = ( ∂ ∂S E ) V,N , p = ( ∂ ∂S V ) E,N μ = −T ( ∂ ∂S N ) E,V Ω = 1 h^{3N} ∫ · · · ∫ E<H<E+δE

d^{3N} qd^{3N} p , λ = √ h^2 2πmk_B T

V_n = C_nr^n , A_n = nC_nr^{n−1} , → C_n = 2 n π^{n/2} Γ(n/2)

Gas ideal: S ≈ k_B N ( ln V N + 5 2 ln 4mπE 3h^2N + 3 2 )

Z = ∑ E_t

Ω_1(E_r) e^{−βEr} = ∑ r e^{−βEr}

F (T, V, N) = U − T S = −k_B T ln Z

p = − ∂F ∂V ) T,N , S = − ∂F ∂T ) V,N , μ = ∂F ∂N ) T,V C_v =

∂ ⟨E⟩ ∂T ) V,N = T ∂S ∂T ) V,N , ⟨E⟩ = − ∂ ∂β ln Z ) V,N (ΔE)^2 = ( ∂^2 ∂β^2 ln Z ) N,V = −k_B T^2C_v

Z(T, V, N) = 1 N! Z^N_1 = 1 N!h^{3N} ∫ e^{−βH(p,q)} d^{3N} q d^{3N} p

Z_1(T, V ) = 1 h^3 ∫ e^{−βH(p,q)}d^3q d^3p ⟨ x_i ∂H ∂x_j ⟩ = k_B T δ_{ij}

H = N^′∑

k=1 α_kx^η_k → ⟨E⟩ =

N^′k_B T η

Q(T, μ, V ) = ∞∑ N_s=0 ∑ E_r

Ω(E_r , N_s)e^{−βEr +βμNs}

z = e^{μν} = e^{−α} : Q = ∞∑ N_s=0

z^{Ns} Z(T, V, N_s)

Q = ∑ N_s

(zZ_1(T, V ))^{Ns} = 1 1 − zZ_1 Q = ∑ N_s 1 N_s!

(zZ_1(T, V ))^{Ns} = e^{zZ1}

⟨N⟩ = k_B T ∂ ∂μ ln Q ) T,V = − ∂ ∂α ln Q ) T,V = z ∂ ∂z ln Q ) T,V

(ΔN)^2 = k_B T ∂ ∂μ ⟨N⟩ ) T,V = − ∂ ∂α ⟨N⟩ ) T,V = ⟨N⟩^2 β V κ_T

⟨U⟩ = − ( ∂ ∂β ln Q ) z,V = k_B T^2 ( ∂ ∂T ln Q ) z,V (ΔU)^2 = k_B T^2C_v + ( ∂ ∂ ⟨N⟩ ⟨E⟩ )_2 T,V (ΔN)^2

Ξ(T, ν, V ) = −k_B T ln Q , S = − ( ∂Ξ ∂T ) V,μ Ξ(T, μ, V ) = U − T S − μN = −pV

Vibr. sol. Z_1(ω, T ) = e^{−βℏω/2} / (1 − e^{−βℏω})

ln Z =

∫_{ωM}

ω_m

dω g(ω) ( −βωℏ/2 − ln(1 − e^{−βℏω}) )

U = ∫_{ωM}

ω_m

dω g(ω) ( ωℏ/2 + ℏωe^{−βℏω} 1 − e^{−βℏω} )

C_v = k_B

∫_{ωM}

ω_m

dω g(ω)(βℏω)^2 e^{βℏω} (e^{βℏω} − 1)^2 ∫_{ωM}

ω_m

dω g(ω) = dN

Einstein g(ω) = 3N δ(ω − ω_E )

Debye p = hω 2πc , g(ω)dω = 1 h^d d^dq d^dp , ω ∈ (0, ω_D)

Eq. sólido-vapor Q_v = e^{zv Z1v} , Q_s = 1/(1 − z_sZ^1_s )

⟨N_v ⟩ =

Z^1_v Z^1_s

, N_s = N_T − N_v

N_v(T_c, V ) = N_T , N_s(T_c, V ) = 0 , pV = k_B T

Z^1_v Z^1_s

Poliatòmicas H = 1 2 mṘ^2 + p^2_r 2μ + L^2 2μr^2

+ V (r) , L^2 = p^2_θ + p^2_φ sin θ

Rot. H =

L^2 2I , I = μr^2_0 , θ_r = ℏ^2 2Ik_B

, ε_r = l(l + 1)ℏ^2 2I g_l = 2l + 1 , Z_{1,r} = ∑ l (2l + 1)e^{−l(l+1) θrT}

cont. θ_r ≪ T Z_{1,r} =

∫_∞ 0 dl (2l+1)e^{−l(l+1) θrT} = T/θ_r

Euler-Mc Laurin, T^2 C_v = Nk_B ( 1 + 1 45 ( θ_r T )_2

+ · · · )

Vibr. H_v = p^2_r 2μ + 1 μ ω^2(r − r_0)^2 , θ_v = ℏω k_B

≈ 10^3K

Z_{1,v} = ∑ e^{−βℏω(n+1/2)} = e^{−θv /T} 1 − e^{−θv /T}

Gas fotones ε = cp = ℏω , ω = kc , (3D) g(ω) =^{V ω2}_{π2c3} , ̸∃μ(= 0)

u(ω, T ) =

⟨n(ω)⟩ V g(ω) = ℏω e^{βℏω} − 1 ω^2 π^2c^3

u(T ) = π^2 15 k^4_B c^3ℏ^3

T^4 = 4 c σT^4 pV k_B T

= ln Q = −

∫_∞ 0 ln(1−e^{−βℏω}) g(ω)dω = 1 3 u(T ) V k_B T ⟨ Â ⟩ = tr(ρ̂Â) = ∑ ⟨ψ_i| Â |ψ_i⟩ , ρ̂ = ∑ ω_i |ψ_i⟩ ⟨ψ_i| , ∑ ω_i = 1

ω_i = 1 Ω , Z_N = tr ( e^{−βH} ) = ∑ i e^{−βEi}

Q = tr ( e^{−β(Ĥ−μN̂)} ) = ∑ i e^{−β(Hi−μNi)}

ψ^A_{ferm} = 1 √ N! ∑ P ∈S_N

(−1)^{σ(P )} φ_{ε1} (ξ_{P (1)}) · · · φ_{εN} (ξ_{P (N)})

ψ^S_{bos} = √ 1 N! · n_1!n_2! · · · n_N ! ∑ P ∈S_N

φ_{ε1} (ξ_{P (1)}) · · · φ_{εN} (ξ_{P (N)})

Q(T, μ, V ) = ∏ j Q_j → Q_j = ∑ n_j ( e^{−βεj} z

)_{nj}

Q^{B-E}_j = 1 1 − ze^{−βεj}

, Q^{F-D}_j = 1+ze^{−βεj} , Q^{M-B} = e^{zZ1}

ln Q = 1 a ∑ j ln ( 1 + az e^{−βεj} ) , Q_j = ( 1 + az e^{−βεj}

) 1_a

⟨n_j ⟩ = 1 z^{−1}e^{βεj} + a

, (Δn_j )^2 =

⟨n_j ⟩ 1 + az e^{−βεj}

q = ln Q = 1 a ∫_∞

0^+ ln ( 1 + az e^{−βε} ) g(ε)dε+ 1 a ln (1 + az)

⟨E⟩ =

∫_∞ 0 ε g(ε)dε z^{−1}e^{βε} + a

⟨N⟩ =

∫_∞

0^+

g(ε)dε z^{−1}e^{βε} + a + z 1 + az

(ΔN)^2 =

∫_∞ 0 z^{−1}e^{βε} g(ε)dε (z^{−1}e^{βε} + a)^2

Bosones (a = −1, d = 2) , g(ε) = A2πm/h^2 = g

μ_{B−E} = − g β ln(1 − e^{−⟨N⟩β/g} ) , z = 1 − e^{−β⟨N⟩/g}

⟨E⟩ = g

∫_∞ 0 εdε z^{−1}e^{βε} − 1 = g β L_2(1 − e^{−β⟨N⟩/g})

L_2(|z| < 1) = ∑ n=1 z^n n^2

, L_2(−z) = −L_2 ( − 1 z ) − 1 2 ln^2 z− π^2 6 Fermiones (a = 1) μ_{F −D}(T → 0) = ε_F = ⟨N⟩ /g

μ_{F −D} = k_B T ln(e^{⟨N⟩β/g} − 1) , z_{F −D} = −1 + e^{⟨N⟩β/g} 1 e^{β(ε−μ)} + 1

−→_{T →0} θ(ε − ε_F )

⟨E(T → 0)⟩ = gε^2_F /2 =

⟨N⟩^2 2g , ⟨N(T → 0)⟩ = g ε_F

Sommerfeld T ↓ ⟨E⟩ = gμ^2(0) 2 + π^2g 6β^2

+ o(e^{−βμ(T =0)}

⟨E⟩ = − g β^2

L_2(−z) pA k_B T = 1 a ∫_∞ 0 g ln(1+aze^{−βε})dε → pA = ⟨E⟩ = 2 d ⟨E⟩ E_r = N^2_A/2g , T_r = N_A/2k_B g , p_r = E_r/A Π = p/p_r , ω = (A/ ⟨N⟩)/(A/N_A) , τ = T/T_r

Π_{M−B} = τ/ω , Π_a = − τ^2 2a L_2 (1 − ε2a/τω)

Condensado B-E s = 0

N_0 = z 1 − z

, g(ε) = 2πV h^3

(2m)^{3/2}ε^{1/2}

N_e =

∫_∞ 0 εg(ε) z^{−1}e^{βε} − 1 dε = V λ^3 g_{3/2}(z)

⟨E⟩ = 3 2 k_B T V λ^3 g_{5/2}(z) , pβ = g_{5/2}(z)/λ^3 ← pV = 2 3 ⟨E⟩ T → 0 , z → 1 , N_e = V λ^3

2.612 · · ·

Π = p/p_r , ω = V/V_r , τ = T/T_r , T_r = T_c(N_A, V_r)

Coex. Π_cω^{5/3}_c = 1 , λ^3(T_c) = v_rg_{3/2}(1)τ^{−3/2}_c

Vapor Π = τ^{5/2} g_{5/2}(z) g_{5/2}(1)

, ω = τ^{−3/2} g_{5/2}(z) g_{5/2}(1)

v-cond Π = τ^{5/2} , dΠ_c dτ_c = l̄ τ_cω_c

, l̄ = 5 2 τ_c

N_0/N = 1 − λ^3(T_c) λ^3(T ) = ( 1 − ( T T_c

)_{3/2})

θ(T_c − T )

g_n(z) = 1 Γ(n)

∫_∞ 0 x^{n−1} z^{−1}e^z − 1 dx

E_m = −μ_B g_LHm , m = −s, · · · , s , μ_B = eℏ 2m_e

x = βμ_B g_LHs , Z_1 = s∑ m=−s

e^{−xm/s} = sinh x(1 + 1/2s) sinh x/2s

M(H, T ) = ( − ∂F^′ ∂H ) T = M_0B_s(x)

= (Ng_Lμ_B s) [( 1 + 1 2s ) coth ( 1 + 1 2s ) x − 1 2s coth x 2s ]

U^′ = −HM_0B_s(x) , C_H = ( ∂U^′ ∂T ) H = Nk_B x^2B^′_s(x)

H = −μH cos θ , Z_1 = ∫ dφdθ sin θ e^{βμ cos θ} = 4π sinh x x M = M_0L(x) = Nμ [ coth x − 1 x ]

s → ∞ , g_L → 0 , g_Lsμ_B → μ , B_s(x) → L(x) U(S, V ) dU = T dS − pdV + μdN H(S, p) = U + pV dH = T dS + V dp + μdN F (T, V ) = U − T S dF = − SdT − pdV + μdN G(p, T ) = U + pV − T S dG = V dp − SdT + μdN

Integrales ∫_∞ 0 x^me^{−ax2} dx = Γ (_{m+1} 2 ) 2a^{m+1}2 , ∫_∞ 0 x^ne^{−ax}dx =

Γ (n + 1) 2a^{n+1} ∫_∞ 0 x^{n−1} e^x − 1 dx = Γ(n)ξ(n) , Γ(1/2) = √ π

geométrica

N−1∑ k=0 ar^k = a(1 − r^N )

1 − r = a 1 − r

Stirling ln n! ∼ n ln n − n + ln n + 1 2 ln(2π)

Combinatória

V R(N, m) = N^m , V SR(N, m) = N! (N − m)!

CR(N, m) =

(N + m − 1)! m!(N − 1)!

, CSR(N, m) = N! m!(N − m)!

Gracias a Sergio Oller por las correcciones.