hν^′ hν = mc^2 mc^2 + mgh ≈ 1 − gh/c^2 ΔT_h ≈ (1 + gh/c^2)ΔT_0 1 L^2 = GM r^3c^2 ⃗v = d dλ = ∑ i dx^i dλ | | P ∂ ∂x^i = ∑ i v^i ∂ ∂x^i [ ⃗X, ⃗Y ] = n∑ i,j ( x^i ∂y^j ∂x^i − y^j ) ∂ ∂x^j x^i(λ_0 + ϵ) = e^{ϵ ddλ} | | λ_0

x^i = e^{ϵ ⃗X} | | λ_0 x^i ~∇f ( d dλ ) := df dλ | | |_p , ~∇f = ∂f ∂x^i ~∇x^i ⃗e_i′ = Λ^i_i′⃗e_i , ω̃^{i′} = Λ^{i′}_i ω̃^i , v^{i′} = Λ^{i′}_i v^i , p_i′ = Λ^i_i′ p_i g^′ = Λ^T gΛ Subvariedad ∀p ∈ S, ∃(ϕ, U(p)) tq ϕ : U∩R^{(n,m)} → V ∩ S ϕ : M (x_i ) → N(y_i Push-fw ϕ^∗ : T_x → T_{ϕ(x)}, ⃗v^∗(f) = ⃗v(f ∘ ϕ), v^{∗α} = v^{i ∂yα}_{∂xi} Pull-back ϕ_∗ : T_{ϕ(x)}x → T_x, ω^∗(⃗v) = ω(⃗v^∗), ω^∗_i = ω_α^{∂yα}_{∂xi} Transporte Lie g_{Δt}(x^i(t)) = x^i(t + Δt) Derivada Lie

£_{⃗v} f := lim_{Δt→0} f^∗_{Δt}(t_0) − f(t_0) Δt = ⃗v(f)

£_{⃗u} ⃗v := lim_{Δt} (g^{−1}_{Δt} )^∗⃗v(g_{Δt}⃗x) − ⃗v(⃗x) Δt = [⃗u, ⃗v] £_{⃗u} (ω̃) := lim_{Δt→0}

(g^∗_{Δt})ω̃(g_{Δt}⃗x) − ω̃(x^i) Δt = (u^k∂_kω_j+ω_k∂_ju^k) ~∇x^j £_{⃗u} ( ω̃(⃗v) ) = ( £_{⃗u} (ω̃) ) ⃗v+ω̃ ( £_{⃗u} (⃗v) ) , £_{[⃗x,⃗y]} = [ £_{⃗x} , £_{⃗y} ]

(£_{⃗u} T )^{i1,...,ip}_{j1,...,jq} = u^k ∂ ∂x^k T^{i1,...,ip} j_1,...,j_q +T^{i1,...,ip} k,j_2,...,j_q ∂u^k ∂x^{j1} + · · · + T^{i1,...,ip}_{j1,...,jq−1,k} ∂i^k ∂x^{jq} −T^{k,i2,...,ip} j_1,...,j_q ∂u^{u1} ∂x^k − T^{i1,...,ip−1,k} j_1,...,j_q ∂u^{ip} ∂x^k

Killing £_{⃗x} g = 0 , max n(n + 1)/2

∇_{(α}ξ_{β)} = 0

∂_jx^i + ∂_ix^j = 2x_lΓ^l_{ji} p̃ ∧ q̃ := p̃ ⊗ q̃ − q̃ ⊗ p̃ , α̃ = 1 p! α_{[i...j]} ω̃^i ∧ · · · ∧ ω̃^j p̃∧q̃ = 1 p!q! p_{i...j} q_{k...l}ω̃^i∧· · ·∧ω̃^l = 1 (p + q)! (p̃∧q̃)_{i...l}ω̃^i∧· · ·∧ω̃^l p̃ ∧ q̃ = (−1)^{pq}q̃ ∧ p̃ (i_{⃗x})ω̃ = ω̃(⃗x, , . . . , ) = 1 (p − 1)! x^ip_{ij...k}ω̃^j ∧· · ·∧ω̃^k

det A = ϵ_{il...j} A^{1i}A^{2l} · · · A^{nj} = 1 n! ϵ_{ab...c}ϵ_{il...j} A^{ai}A^{bl} · · · A^{cj} ω̃ = 1 n! fϵ_{ij...k}ω̃^i ∧ ω̃^j ∧ · · · ∧ ω̃^k , f^′ = f det Λ ω̃ = ω̃^1 ∧ · · · ∧ ω̃^n = √ |g| ~∇x^1 ∧ · · · ∧ ~∇x^n dual: (∗α)_{i...j} = 1 q! ω_{k...li...j}α^{k...l} ∗(ω̃^r∧· · ·∧ω̃^t) = 1 (n − p)! g^{ri} · · · g^{tk} ω_{i...kl...m}ω̃^l∧· · ·∧ω̃^m d̃(α̃+β̃) = d̃α̃+d̃β̃ , d̃(α̃∧β̃) = d̃α̃∧β̃+(−1)^αα̃∧d̃β̃ d̃d̃α̃ = 0 , d̃(f) = ~∇f

d̃α̃ = 1 α! ∂α_{i...j} ∂x^m ~∇x^m ∧ ~∇x^i ∧ · · · ∧ ~∇x^j rotp̃ = ∗d̃p̃ , divp̃ = d̃ ∗ p̃ ∫ Ω F̃ = ∫ Ω F̃ (e_1, . . . , e_n) ~∇x^1 ∧ · · · ∧ ~∇x^k :=

:= ∫ U F̃ (e_1, . . . , e_n)dx^1 · · · dx^k

Stokes ∫ Ω d̃F̃ = ∫ ∂Ω F̃

Gauss ∫ Ω d(ω̃( ⃗A)) = ∫ ∂Ω ω̃( ⃗A) ∫ Ω 1 √ g ∂ ∂x^α (A^α √ g)ω̃ = ∫ ∂Ω A^αn_αs̃

∇_{⃗u}⃗v = lim_{ϵ→0} ⃗v^∗_{λ0+ϵ}(λ_0) − ⃗v(λ_0) ϵ , ∇_{ej} e_i = Γ^k_{ij} e_k 1. ∇_{⃗u}(f⃗v) = (∇_{⃗u}f)⃗v + f(∇_{⃗u}⃗v) 2. ∇_{⃗u}(f) = ⃗u(f) 3. ∇_{⃗u}( ⃗A · ⃗B) = (∇_{⃗u} ⃗A) · ⃗B + ⃗A · (∇_{⃗u} ⃗B) 4. ∇_{⃗u}(σ̃( ⃗A)) = (∇_{⃗u}σ̃)( ⃗A) + σ̃(∇_{⃗u} ⃗A) 5. ∇_{f⃗u+g⃗v} ⃗A = f∇_{⃗u} ⃗A + g∇_{⃗v} ⃗A ∇_{⃗u}⃗v = u^i ( e_i(v^k)+v^j Γ^k_{ji} ) e_k = u^i(∇_iv^k)e_k = u^iv^k_{;i}e_k ∇_{ek}ω̃^j = −Γ^j_{lk}ω̃^l , ∇_iσ_j = ∂_iσ_j − Γ^k_{ij} σ_k ∇_mT^{i...j}_{k...l} = ∂_mT^{i...j}_{k...l} + T^{a...j}_{k...l} Γ^i_{am} + · · · + T^{i...a}_{k...l}Γ^j_{am} −T^{i...j}_{a...l}Γ^a_{km} − . . . − T^{i...j}_{k...a}Γ^a_{lm} T^k_{ij} := ∇_{ej} e_i − ∇_{ei} e_j − [e_i, e_j ] = 0 ⇔ Γ^k_{ij} = Γ^k_{ji} (£_{⃗u} ⃗v)^i = u^j ∂_jv^i − v^j∂_j u^i = u^j∇_jv^i − v^j∇_j u^i (£_{⃗u} σ̃)_i = u^j∂_j σ_i + σ_k∂_iu^k = u^j ∇_jσ_i + σ_k∇_iu^k Geodésicas ∇_{⃗u}(⃗u) = 0 , ∇_{⃗u}(⃗u) = f⃗u ∂^2x^k ∂λ^2 + Γ^k_{ji} ∂x^i ∂λ ∂x^j ∂λ = 0 trans. paral. ∇_{⃗u}⃗v = 0 → u^i ( ∂v^k ∂x^i + v^j Γ^k_{ij} ) = 0 Curvatura R(⃗u, ⃗v) = [∇_{⃗u}, ∇_{⃗v}] − ∇_{[⃗u,⃗v]} R^m_{kij} = ∂_iΓ^m_{kj} − ∂_j Γ^m_{ki} + Γ^l_{kj}Γ^m_{li} − Γ^l_{ki}Γ^m_{lj} − C^l_{ij} Γ^m_{kl} Γ^i_{jk} = 1 2 g^{il}(g_{lj,k} + g_{lk,j} − g_{jk,l}) • ∇_i∇_jV^l − ∇_j∇_iV^l = R^l_{kij}V^k • R^m_{kij} = −R^m_{kji} ⇔ R^m_{k(ij)} = 0 • R^m_{[kij]} = 0 • # = n^2(n^2 − 1)/3 • Bianchi ∇_{[m}R^l_{|k|ij]} = R^l_{k[ij;m]} = 0 • R_{ijkl} = −R_{ijlk} • R_{ijkl} = R_{klij}

• R_{[ijkl]} = 0 • # = n^2(n^2 − 1)/12 [u, v] = 0 ⇔ u^ju^k∇_j∇_kv^l = R^i_{jkl}u^j u^kv^l ∇_iv^i = dω̃(⃗v) ⇒ Γ^i_{ji} = ∂_j ln √ g S = ∫ g_{ij}ẋ^iẋ^j dλ , δS = 0 ⇔ ẍ^k + Γ^k_{ij}ẋ^iẋ^j = 0

T^{αβ} = flux p^α per x^β = cte Polvo n = N/ΔV , n^′ = γn ⃗N = n⃗u = (γnc, γnv) , T^{00} = ρ = nm T = ⃗N ⊗ ⃗p , T^{μν} = nmu^μu^ν Fluido ideal T^{μν} = (ρ + p)u^μu^ν + pg^{μν} a^i = u^β∇_βu^i = − ∂^ip ρ + p n partículas

T^{αβ} = ∑ N ∫ dτp^α_N dx^i_N dτ δ^4 ( ⃗x − ⃗x_N (t) )

p = 1 3 ∑ ⃗p2_N E_N δ^3(⃗x − ⃗x_N (t)) ρ = 1 3 ∑ E_N δ^3(⃗x − ⃗x_N (t))

(no rel) ρ = nm + 3 2 p , (molt rel) ρ = 3p

G^{αβ} = R^{αβ} − 1 2 g^{αβ} R = κT^{αβ} , κ = 8πG c^4 Límite Newton T_{iα} → 0 , ∂_0 → 0 h_{00} = 2ϕ c^2

, R_{00} = − 1 2 ∇^2h_{00}

Gauge x^{α′} = x^α + tξ^α(x) , t ≪ 1

ĥ_{αβ} = h_{αβ} − (∂_β ξ_α + ∂_αξ_β) = h_{αβ} − £_{⃗ξ} (η_{αβ} ) R_{αβμν} = 1 2 ( ∂_β ∂_μh_{αν} +∂_α∂_ν h_{βμ}−∂_β ∂_ν h_{αμ}−∂_α∂_μh_{βν} )

R_{μν} = 1 2 ( ∂_μ∂_αh^α_ν + ∂_α∂_ν h^α_μ − ∂_μ∂_ν h^α_α − ∂_α∂^αh_{μν} )

R = ∂_β∂_αh^{αβ} − ∂_β∂^β h^α_α pot h̄_{μν} = h_{μν} − 1 2 η_{μν} h^α_α g.Lorentz ∂^μh̄_{μν} = 0 , □^2ξ_ν = ∂^μh_{μν} ^̄h_{μν} = h̄_{μν} − (∂_μξ_ν + ∂_ν ξ_μ) + η_{μν} ∂_αξα □^2h̄_{μν} = −2κT_{μν} l.N h̄_{00} = −4ϕ , ds^2 = −(1+2ϕ)dt^2+(1−2ϕ)(dx^2+dy^2+dz^2)

Landau-Lifshitz ∂_μ [ (−g) ( T^{μν} + t^{μν} )] = 0 t^{μν} = 1 2κ(−g) ∂_α∂_β [ (−g) ( g^{μν} g^{αβ} − g^{μα}g^{νβ} )] − 1 κ G^{μν} (−g) ( G^{μν} + κt^{μν} ) = ∂_αu^{μνα} ∂_β u^{μναβ} = u^{μνα} −→ (−g) ( G^{μν} +κt^{μν} ) = ∂_α∂_βu^{μναβ} P^μ := ∫ Σ d^3x ∂_αu^{μ0α} κ = ∫ ∂Σ d^2S_i ∂_β (−g) ( g^{μ0}g^{iβ} − g^{μi}g^{0β} ) 2κ Gauge TT h_{α0} = 0 , h^α_α = 0 , ∂^ih_{ik} = 0

h̄_{μν} = Re ( A_{μν} e^{ikαxα} ) , k_αk^α = k^αA_{μα} = A^μ_μ = 0

R_{j0k0} = R_{0j0k} = − 1 2 ∂_0∂_0h^{T T}_{jk}

x^î_A = 0 , x^î_B = x^j_B ( δ^î_j + 1 2 h^î_j (t, x^i = 0) )

e_+ = ( 1 0 0 −1 ) , e_X = ( 0 1 1 0 ) , k^α = ω(1, 0, 0, 1)

h^{T T}_{ij} = Re { A_+e_+e^{−iω(t−z)} + A_X e_X e^{−iω(t−z)} }

h^{T T}_{ij} = P_{il}h_{lm}P_{mj} − 1 2 P_{ij}P_{ij} (P_{lm}h_{lm}) , P_{lm} = δ_{lm}−k_lk_m

⟨ h h_{μν|αβ} ⟩ = ⟨ h h_{αβ|μν} ⟩ , ⟨( h_{|α} h_{μν} ) |β ⟩ = 0 ⟨ h h_{μν|αβ} ⟩ = − ⟨ h_{|β} h_{μν|α} ⟩

T^{OG}_{μν} = 1 4κ ⟨ h_{αβ|μ}h^{αβ}_{|ν} ⟩ , T^μ^{OG} = 0

R_{μν} = R^{(F )}_{μν} +R^{(1)}_{μν} (h^{(1)}) o(A/λ^2 ) + R^{(1)}_{μν} (h^{(2)}) + R^{(1)}_{μν} (h^{(2)})

o(A^2/λ^2)

+o(A^3/λ^2)

R^{(1)}_{μν} (h) = 1 2 ( h_{αμ|ν}^α + h_{αν|μ}^α − h^α_{α|μν} − h_{μν|α}^α )

R^{(2)}_{μν} (h) = 1 2 { 1 2 h_{αβ|μ}h^{αβ}_{|ν} + h^{αβ} ( h_{αβ|μν} + h_{μν|αβ} −h_{αμ|νβ} − h_{αν|μβ} ) + h_ν^{α|β} ( h_{αμ|β} − h_{βμ|α} ) − ( h^{αβ}_{|β} − 1 2 h^{|α} ) ( h_{αμ|ν} + h_{αν|μ} − h_{μν|α} ) }

~h̄_{ij} = − k 4π ω^2 e^{iωr} r D̃_{ij} on D̃_{ij} = ∫ T̃^{00}x^{i′} x^{j′} d^3x^′ h̄_{ij} = k 4πr d^2 dt^2 D_{ij}(t−r) on D_{ij} = ∫ T^{00}x^{i′} x^{j′} d^3x^′

h̄^{T T}_{ij} = c^4 4πr d^2 dt^2 I^{T T}_{ij} = 2G r d^2 dt^2 I^{T T}_{ij} dP dΩ = r^2 · n_iT^{0i} = − n^i 4π r^2 ⟨ h^{T T}_{jk,0}h^{T T jk}_{,i} ⟩

I_{ij} = D_{ij} − 1 3 δ_{ij} D^k_k = ∫ ρ ( x^{i′} x^{j′} − 1 3 δ^{ij} r^{′2} ) d^3x^′ dP dΩ = κ 64π^2c ⟨_{···} I T T jk^{···}I T T jk ⟩ = G 8πc^5 ⟨_{···} I T T jk^{···}I T T jk ⟩

P = dE dt = κ 40πc ⟨_{···} I T T jk^{···}I T T jk ⟩ = G 5c^5 ⟨_{···} I T T jk^{···}I T T jk ⟩ ds^2 = −e^{2ϕ(t,r)}dt^2 + e^{2Λ(t,r)}dr^2 + (dθ^2 + sin^2 θdφ^2)

Schwarchild ds^2 = − ( 1 − 2M r ) dt^2+ dr^2 1 −^{2M}_r

+r^2d^2Ω

Γ^1_{11} = Λ^′ , Γ^1_{33} = −r sin^2 θe^{−2Λ} , Γ^3_{23} = cotgθ Γ^1_{10} = Λ̇ , Γ^2_{12} = 1/r , Γ^0_{11} = Λ̇e^{2(Λ−ϕ)} Γ^1_{22} = −re^{−2Λ} , Γ^2_{33} = − sin θ cos θ , Γ^0_{10} = ϕ^′ Γ^1_{00} = e^{2(ϕ−Λ)}ϕ^′ , Γ^3_{13} = 1/r , Γ^0_{00} = ϕ̇

R_{00} = e^{2(ϕ−Λ)} ( ϕ^{′′} + ϕ^{′2} − ϕ^′Λ^′ + 2ϕ^′ r ) − Λ̈ − Λ̇^2 + Λ̇ϕ̇

R_{11} = −ϕ^{′′} − ϕ^{′2} + ϕ^′Λ^′ +

2Λ^′ r + e^{2(Λ−ϕ)} ( Λ̈ + Λ̇^2 − Λ̇ϕ̇ ) R_{22} = −e^{−2Λ} [ 1 + r(ϕ^′ − Λ^′) ] + 1 R_{33} = − sin^2 θ { e^{−2Λ} [ 1 + r(ϕ^′ − Λ^′) ] − 1 } R_{10} = 2Λ̇ r e^{2Λ} = 1 1 − 2^{m(r)}_r , m(r) = κ 2 ∫_r 0 dr r^2ρ(r) dϕ dr = m(r) +^κ_2 pr^3 r(r − 2m(r)) Oppenheimer-Volkov dp dr = − (p + ρ) ( m(r) + 4πr^3ρ ) r(r − 2m(r)) Clàssica^{dp}_{dr} = −ρ^{m(r)}_r

M_{mat} = ∫_{r0} 0 √ −g | |_{t=cte} ρd^3x = 4π ∫_{r0} 0 e^Λρr^2 sin θdr

p(r_0) = 0 , r_0 > 9 4 M ⇒ p(o) = ∞ m ≠ 0 → p_0 = −Êm , p_φ = L̂m

Ê = ( 1 − 2M r ) dt dτ ( dr dτ )_2

= Ê^2− ( 1 − 2M r ) ( 1 + L̂2 r^2 ) = Ê^2−V̂^2(r)

r_0 = L̂2 2M 1 ± √ 1 − 12M^2 L̂2 m = 0 → p_0 = −E , p_φ = L , r_0 = 3M ( dr dλ )_2 = E^2 − ( 1 − 2M r ) L^2 r^2

= E^2 − V^2(r)

Precesión perihelio u = 1/r = y + M/L̂^2 ( dr dφ )_2 = Ê2 − (1 − 2M/r) ( 1 + L̂^2/r^2 ) L̂2/r4 ( du dφ )_2 = Ê2 L̂2 − (1 − 2Mu) ( 1 L̂2 + u^2 )

( dy dφ )_2 = Ê2 + (M/L̂)2 + 2(M/L̂)4 − 1 L̂2 + 6M^3 L̂2 y + ( 6M^2 L̂2 − 1 ) y^2 + (2My^3) ( dy dφ )_2

= A + By − k^2y^2 , k^2 = 1 −

6M^2 L̂2 y = C cos(kφ + φ_0) , Δφ = ϕ−2π = 2π ( 1 1 −^{6M 2}_{L̂2} − 1 ) ≈ 6πM^2 L̂2 = 6πM r Deflexión lluz ( du dφ )_2

+ (1 − 2M u) u^2 =

E^2 L^2 = 1 b^2

M = 0 ⇐⇒ u_0(φ) = 1 b sin φ

d^2u dφ^2

+ u = 3Mu^2 ≈ 3M b^2 sin^2 φ u(φ) = 1 b sin φ + M b^2

(1 + cos φ)^2 u(φ) = 1 b Δφ + 4M b^2

= 0 −→ Δφ = − 4M b